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Table 2 Lift, drag, and separation point for the A-airfoil
at the C¡ H¡ O grid using different turbulence models

EARSM
Model BSL SST EARSM (transition 7.8%) Experiment

cL 1.668 1.631 1.601 1.556 1.56
cD 0.0202 0.0200 0.0206 0.0242 0.0208
Separation 96.6% 93.2% 91.7% 88.0% 82%

60% chord, the predicted velocity pro� les are too full. The effect of
the transition on the suction side is tested by moving the transition
point 4% upstream using EARSM, which improved some aspects
of the solution. The velocity pro� le at 60% chord in Fig. 7 is now
better predicted, and the separation is increased leading to a bet-
ter predicted lift. However, the drag is now overpredicted, and the
laminar separation bubble has disappeared. Moreover, there is no
support from the experimental data for moving the transition point
upstream.

Conclusions
Almost grid-convergedcomputational solutions on the A-pro� le

has been demonstratedfor both sharp and blunt trailing edges. Low-
speed preconditioningimproved the convergence to steady state as
well as the grid convergence.The wind-tunnelpro� le has a trailing-
edge bluntness of 0:5% of the chord, whereas most computations
are made on a modi� ed sharp trailing-edgegeometry. It was found
that the bluntness increases the lift by approximately 3% in the
computations.

Three different two-equation turbulence models were tested. It
was found that the more advanced algebraic Reynolds-stressmodel
gave better predictions than more standard eddy-viscosity models.
The lift and drag was fairly well predicted, but the trailing-edge
separationwas underestimatedin length and especiallyin thickness.
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Introduction

F OLLOWING a suggestion of Rubbert1 that when using the
vortex lattice lifting surface method (VLM) equally spaced di-

visionsshould be inset from the tip by a fractiond.0 < d < 1/ of the
strip width, Hough2;3 has demonstrated impressive improvement in
the estimation of lift curve slope CL® of a wing without using an
inordinatenumberof spanwise strips, speci� cally for d D 1

4 . The tip
inset concept and some of Hough’s convergence results for CL® are
shown in Fig. 1.

Hough’s recommendation of d D 1
4 was based on an analysis of

an ellipticallift distribution,which is typicalof a steadysymmetrical
aerodynamicloading. It is the purposeof this Note to investigatethe
convergence improvement that can be obtained by applying the tip
inset correction to the oscillatory doublet-lattice method4;5 (DLM,
which reduces to the VLM in the steady case) for conditions in
which elliptical lift distributions are not expected.

The tip correction is implemented by reducing the effective span
of the wing (the span that is actually paneled with doublet-lattice
boxes) by the factor NS/.NS C d ), where NS is the number of span-
wise strips and d is the tip inset factor (typically 1

4
). The lack of

an aerodynamic panel on the most outboard tip of the wing has the
effect of driving the tip loading toward the correctvalueof zero.Be-
cause the DLM assumes constant loading (spanwise) within a box,
it requiresa very high resolutionto capture the correctwing-tip load
distribution, and the DLM will typically overestimate the tip load-
ing and approach the correct results from above as the resolution is
re� ned.

Results
Rectangular Wings

Two wings pitching about their midchords at a Mach number of
M D 0:80 are studied. The � rst wing has aspect ratio of AR D 2.
It is divided into various NS and various numbers of chordwise
boxes (NC) such that the maximum box aspect ratio is less than 8.0.
The value of NC necessary for convergencedependson the reduced
frequency kr D !c=2V , where ! is the angular frequency (rad/sec),
c is the reference chord (c D 1.0 for the rectangular wings), and V
is the freestream velocity. The guideline of Ref. 5 recommends 50
boxes per wavelength ¸, where ¸ D ¼c=kr .
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Fig. 1 Tip inset illustration and effect of tip inset on steady CL® (Hough2).

Fig. 2 Convergence behavior of lift caused by pitching and rolling moment as a result of roll oscillations for the AR 2 rectangular wing; real part on
left, imaginary part on right.
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The steady lift curve slope CL® and the roll damping coef� cient
Clp are obtained from the DLM at kr D 0:001. Oscillatory results
are obtained for kr D 0.1 and 1.0. The results for the aspect ratio 2
wing are presented in Fig. 2. The top half of Fig. 2 shows the re-
sults for the symmetric case (lift curve slope), and the bottom half
shows the antisymmetric (roll damping coef� cient) results. In both
cases the real parts are on the left and the imaginary parts on the
right. The solid lines are the results with the tip correction applied,
and the dashed lines are the results without the tip correction. The
data are plotted as functions of the reciprocal of the number of
spanwise strips so that extrapolation of 1/NS to zero should pro-
vide converged results. The � gure only presentsdata that satisfy the
requirement of 50 boxes per wavelength.

Fig. 3 Convergence behavior of generalized aerodynamic force in � rst bending and torsion modes. Variation in chordwise boxes, spanwise strips,
and tip con� guration is shown vs reduced frequency.

PerusingFig. 2 from top to bottom, we make the followingobser-
vations.The top two graphsshow the symmetric results for kr D 0.1,
and good convergence with the tip correction is found for the real
part and signi� cant improvement is seen in the imaginary part. The
next two graphs are for kr D 1.0, and some dependenceon the num-
ber of chordwise boxes appears, but the convergenceof the real part
is dramatically improved by the tip correction,while the imaginary
part is only mildly affected. The next pair of plots show the anti-
symmetric results for a reduced frequency of 0.1. Again, as in the
symmetric case the tip correction leads to signi� cantly improved
convergence, with the results almost independent of the number
of spanwise strips. At the higher reduced frequency of kr D 1.0, the
damping-in-rollcoef� cient (shown in the � nal pair of plotsof Fig. 2)



J. AIRCRAFT, VOL. 38, NO. 4: ENGINEERING NOTES 775

Table 1 Symmetric (lift curve slope) convergence behavior for aspect ratio 7.0 rectangular
wing with 50 chordwise boxes

NS kr D 0.001 kr D 0.1 kr D 0.5 kr D 1.0 kr D 2.0

No tip correction
22 6.245 5.646¡ 0.722i 4.810C 0.170i 4.967C 0.645i 5.914 C 0.671i
30 6.220 5.626¡ 0.718i 4.801C 0.159i 4.954C 0.619i 5.908 C 0.617i
35 6.209 5.618¡ 0.716i 4.797C 0.155i 4.948C 0.610i 5.905 C 0.599i

Tip correction
22 6.146 5.567¡ 0.699i 4.752C 0.173i 4.911C 0.641i 5.847 C 0.663i
30 6.147 5.568¡ 0.701i 4.758C 0.161i 4.913C 0.616i 5.859 C 0.613i
35 6.147 5.568¡ 0.702i 4.760C 0.157i 4.913C 0.608i 5.863 C 0.595i

Table 2 Antisymmetric (roll damping) convergence behavior for aspect ratio 7.0 rectangular wing
with 50 chordwise boxes

NS kr D 0.001 kr D 0.1 kr D 0.5 kr D 1.0 kr D 2.0

No tip correction
22 ¡0.6040 ¡0.6043¡ 0.0139i ¡0.6160¡ 0.0484i ¡0.6141¡ 0.1201i ¡0.7281¡ 0.2024i
30 ¡0.5977 ¡0.5981¡ 0.0140i ¡0.6113¡ 0.0478i ¡0.6089¡ 0.1174i ¡0.7231¡ 0.1968i
35 ¡0.5952 ¡0.5956¡ 0.0141i ¡0.6094¡ 0.0475i ¡0.6068¡ 0.1165i ¡0.7209¡ 0.1948i

Tip correction
22 ¡0.5792 ¡0.5796¡ 0.0145i ¡0.5947¡ 0.0488i ¡0.5927¡ 0.1166i ¡0.7033¡ 0.1962i
30 ¡0.5796 ¡0.5800¡ 0.0144i ¡0.5957¡ 0.0480i ¡0.5932¡ 0.1150i ¡0.7049¡ 0.1924i
35 ¡0.5797 ¡0.5802¡ 0.0144i ¡0.5960¡ 0.0477i ¡0.5934¡ 0.1144i ¡0.7053¡ 0.1911i

exhibits some dependence on the number of chordwise boxes, but
this dependence is less than that just seen in the symmetric case;
and the tip correction leads to better results. All results in this Note
consider full-wing integratedquantities (wing lift/moment and gen-
eralizedforces), and it isexpectedthattheconvergenceimprovement
in the wing-tip region would be even more signi� cant.

The second wing has an aspect ratio of 7.0. As in the AR D 2.0
case, the wing was analyzed in both symmetric and antisymmet-
ric oscillatory rigid-body motion. The results are presented in
Tables 1 and 2. Table 1 contains the symmetric results, and Table 2
presents the results of the antisymmetric analysis. A tabular pre-
sentation of these results is made to give the reader a different per-
spectiveon the data from the graphical format. Data from additional
reduced frequenciesand box geometries are available in Ref. 6.

The results in Tables 1 and 2 for the aspect ratio 7.0 rectangular
wing are similar to the results plotted in Fig. 2 for the aspect ratio
2.0 rectangularwing. The steady lift curve slope in Table 1 (found at
kr D 0.001) is againfoundto be reasonablyconstantwith thenumber
of spanwise strips when the tip correction is made. At kr D 0.1 the
oscillatory lift curve slope computed with the tip correction is also
fairly constantwith the numberof strips.At kr D 5 the realpartswith
the tip correction are again insensitive to the number of spanwise
strips. At kr D 1.0 and 2.0 the real parts are again improved with the
tip correction, but the imaginary parts are not signi� cantly affected
by it. At the higher reduced frequencies there is some dependence
on the number of chordwise boxes, which is shown in Ref. 6.

In Table 2 the antisymmetric results follow the pattern of the
symmetric case.The steady damping-in-rollcoef� cient is much im-
provedby the tip correction.At all of the higherreducedfrequencies,
the real parts are improved by the tip correction.At the low reduced
frequency kr D 0.1 the tip correction improved the imaginary parts,
but at the high frequencies the tip correction does not have much
effect on the imaginary parts.

LANN Wing

To investigate the convergence behavior of aeroelastic general-
ized forces as the box resolution is re� ned, a model with realistic
elastic vibration modes is required. These generalized forces are
extremely important in � utter and aeroservoelastic analysis. The
LANN wing,7 which was chosen for this study, is a well-published
sample case representativeof a high-aspect-ratiotransportwing and
is complete with elastic modal data. The wing has an aspect ratio of
7.9, a taper ratio of 0.40, and a leading-edgesweep of 27.5 deg.

The unsteady generalized aerodynamic forces for the � rst wing
bending and � rst wing torsion modes were computed at reduced
frequencies based on root chord of kr D 0.01 and 0.5 for varying
numbers of spanwise strips and chordwise boxes (higher reduced
frequencyresultsare in Ref. 6).The numberof spanwisestripsvaried
from5 to 20, and thenumberof chordwiseboxesvaried from5 to 25.
Figure3 shows thegeneralizedaerodynamicforcecoef� cient (GAF)
in � rst wing bending in a similar format to that used for the rectan-
gular wing results just discussed. The top pair of graphs in Fig. 3
show the real and imaginary parts of the GAF in � rst wing bending
at a reduced frequency of kr D 0.01. As seen in the rigid symmetric
and antisymmetric results for the rectangularwings, the generalized
aerodynamic forces at this low reduced frequency are rendered al-
most independentof the number of spanwise strips through the use
of the tip correction. This observation applies to both the real and
imaginaryparts.The next set of graphsin Fig. 3 show the results for a
reducedfrequencyof kr D 0.5. Again, the convergenceof the results
is improved dramaticallythrough the use of the tip correction.There
is some dependence of the real part of the GAF on the number of
chordwiseboxes. The third and fourth pairs of graphs in Fig. 3 show
the results for the � rst torsion mode of the LANN wing. In this case
the effect of the tip inset correctionis much smaller.The real parts of
the GAFs at all reduced frequenciesare slightly improved,while the
convergenceof the imaginary parts is slightly reduced. The overall
result is that the tip correctionis not an obviousimprovement in this
case, but it is clearly not detrimental to convergence.

Conclusions
The foregoing discussions of the results for the three con� gura-

tions can be summarized as follows. In general, the tip inset cor-
rection improves the convergence by decreasing the sensitivity of
the results to the number of spanwise strips. This is observed for
both symmetric and antisymmetric rigid-bodymotions of rectangu-
lar wings in both the steady and oscillatorycases. It is also observed
in thecase of oscillatorysymmetricelasticmodesof a swept, tapered
wing representativeof a subsonic transport.

The preceding observations are general, but some speci� c fea-
tures can be pointed out. The improvement in the steady lift curve
slope is observed again as Hough has shown before.2;3 A compa-
rable improvement in the steady roll damping coef� cient is found
here. However, as the frequency increases, the effectiveness of the
correction is somewhat reduced. The tip inset correction also ap-
pears to be more effective in improving the real part of the unsteady
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aerodynamic forces than the imaginary part (although the bene� ts
to the imaginary part are substantial in most cases).

There is suf� cient bene� t to the tip inset correction in all cases
studied to make the recommendation that it be used routinely, par-
ticularly because the correction is so easily made. Only the case of
equal width spanwise strips has been considered. Other spanwise
distributionsof strip width would require further investigation.
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Introduction

C ONVENTIONAL aircraft exhibit both longitudinal and
lateral-directional modes of motion because of the symme-

try existing in their geometry, aerodynamics, and properties of the
propulsive system. Longitudinal dynamics are comprised of the
phugoid and the short period mode. Exact solutions to the phugoid
and the short period modes are nonexistent. The literal approxima-
tion to the short period mode is well known1 and represents a very
faithful representation of reality. In contrast, the phugoid approxi-
mations developed by various authors have been unsatisfactory.On
account of the inaccuraciesin the phugoidapproximation,it has not
been possible to make accurate predictions of the effect of aerody-
namic derivativeson the characteristicsof the phugoid mode. Such
a study is important because it can provide vital insights on the
functionaldependenceof the modal parameterson the aerodynamic
derivatives.

An approximation for the frequency and the damping of the
phugoid mode was developed recently,2;3 and it was shown to be a
fair representationover a wide range of � ight conditions for differ-
ent types of aircraft. These literal expressions enable a meaningful
parametric study. The literal expressions for the phugoid mode of
a conventional aircraft are used to carry out a parametric study to
bring out the effect of the aerodynamicderivatives,which is corrob-
oratedby numericalsimulationover a broad spectrumdatabase.The
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notations used in this paper are that of Roskam.1 All of the thrust
derivatives have been combined with the aerodynamic derivatives,
i.e., Xu stands for Xu C XTu , Mu stands for Mu C MTu , and M®

stands for M® C MT® .

Approximate Equations for the Phugoid
Many approximations to the phugoid with varying assumptions

appear in literature.3 Although excellent expressions have been de-
rived for phugoid frequency, they have not received adequate ex-
posure. On the other hand, none of the existing approximations for
phugoid damping is worthy. Based on this � nding, an approximate
expression was derived2;3 for !p and 2³p!p .

! p D
g Mu Z® ¡ M® Zu

M®U1 ¡ Z® Mq

(1)

2³p!p D 1
M®U1 ¡ Mq Z®

¡g sin 21 M®

C Xu g sin 21 M P® ¡ M®U1 C Mq Z®

C Zu ¡gM P® ¡ Mq X® C
gM®[U1.M P® C Mq/ C Z®]

M®U1 ¡ Mq Z®

CMu U1.X® ¡ g/ ¡
gZ®[U1.M P® C Mq / C Z® ]

M®U1 ¡ Mq Z®

(2)

Numerical simulations involving 15 cases of various types of air-
craft under varying � ight conditions were carried out to verify the
authenticityof this expression.These data of six modern aircraft in
different� ight conditionswere taken from AppendixC of Roskam’s
text on � ight dynamics.1 The simulations con� rmed that the differ-
ence between the approximate expression (1) and the exact value is
less than 4% in the 15 cases considered.

Parametric Studies
The dependenceof !p and ³p on individual aerodynamicderiva-

tives is now investigated.The inquiriesare basedon the presumption
that the stability derivatives can be changed one at a time, keeping
all others � xed. The � ight condition is also presumed to be held un-
changed.The analyticalexpressions for ! p and 2³p!p were used to
extract information wherever possible. At the same time numerical
simulations were carried out over the same database by varying the
derivativesover the rangespannedby thevariableand calculatingthe
frequency and damping from the exact fourth-order characteristic
equation. It is felt that the results obtained from such a provocative
test involving so wide a variation of the aerodynamic derivatives is
general enough for all practicalpurposes. Following the notation of
Roskam,1 the longitudinal characteristic equation is

As4 C Bs3 C Cs2 C Ds C E D 0 (3)

where

A D U1 ¡ Z P®

B D ¡.U1 ¡ Z P®/.Xu C Mq/ ¡ Z® ¡ M P®.U1 C Zq /

C D Xu [Mq .U1 ¡ Z P®/ C Z® C M P® .U1 C Zq/]

C Mq Z® ¡ Zu X® C M P® g sin 21 ¡ M®.U1 C Zq /

D D g sin21.M® ¡ M P® Xu/ C g cos 21[Zu M P® C Mu.U1 ¡ Z P®/]

¡ Mu X® .U1 C Zq/ C Zu X® Mq C Xu [M®.U1 C Zq / ¡ Mq Z®]

E D g cos 21.M® Zu ¡ Z® Mu/ C g sin 21.Mu X® ¡ Xu M®/ (4)

It was seen from the simulation that only four derivatives have a
signi� cant effect on the frequency and damping. The variations in
frequencyanddampingfor thesefourderivativesare shownin Fig.1.


